Abstract: The similarity of massive CSW scalar vertices and quark vertices can be understood using a kind of light-cone SUSY transformation presented in this paper. We also show that the canonical transformation generating the MHV-SQCD lagrangian, can be fixed by applying this light-cone SUSY transformation to the canonical transformation for MHV-QCD obtained in paper arxiv:0805.0239. Most of the massive CSW vertices for SQCD can also be pinned down in this way.
Introduction
The striking simplicity of MHV amplitudes has been an inspiration for many recent developments in gauge theory. It was first proposed by Parke and Taylor [1] and then proved using recursion methods by Berends and Giele [2] . After about fifteen years, inspired by twistor string theory, Cachazo, Svrček and Witten discovered that tree-level amplitudes with arbitrary helicity configuration can be constructed using MHV amplitudes continued off shell in a particular way and connected using scalar propagators [3] . This proposal reduces the complexity of the amplitude computation dramatically. CSW rules were then extended to include quarks and to supersymmetric theories [4] [5] [6] [7] , and also were extended to include Higgs [8, 9] and electroweak gauge bosons [10] . There are also some applications of CSW rules in one loop calculations (such as in [11] [12] [13] [14] [15] [16] [17] ).
As well as the proof given in [18] , a particularly direct proof of these rules was found in [19] by generalising the idea from BCFW recursion relations [20] . But despite a preliminary attempt to derive the MHV lagrangian [21] , a full and clear understanding of the origin of CSW rules from quantum field theory was not presented until Mansfield's paper [22] .
In his paper, Mansfield proposed a framework for deriving the MHV lagrangian using a certain canonical transformation applied to the light-cone lagrangian: CSW rules then followed from the vertices in this MHV lagrangian. The concrete canonical transformation was obtained in [23] and later was extended in [24] to give a prescription for dimensional regularization of the MHV lagrangian. It was also made clear that the previously missing pieces of amplitudes in the CSW prescription can be recovered by so called 'completion vertices', which come from the field transformation. Another approach to obtain the MHV lagrangian is to use the twistor Yang-Mills theory [25, 26] by formulating the gauge theory on twistor space and then fixing a particular gauge.
In [27, 28] , a canonical transformation was used to generate the massive CSW vertices involving massive scalars, and it was shown that these can also be obtained from the twistor Yang-Mills approach. A full canonical transformation for QCD including a quark field was constructed in a recent paper [29] , in which CSW vertices for massive quarks are also presented. The same results have been reproduced from the twistor Yang-Mills approach [30] (although formulated in a different convention).
The similarity between the massive CSW scalar vertices in [27, 28] and massive quark vertices in [29] suggests a supersymmetric relation between these two vertices. In [31] , the author uses a massive version of the supersymmetric Ward identity (massive SWI) [32] to understand this similarity. Since massive SWI can only be used on amplitudes, one should choose a suitable reference momentum of the massive quark to make the amplitudes involving a massive quark-antiquark pair be proportional only to the corresponding massive CSW vertices. Then the massive SWI can be used to relate them to amplitudes involving massive scalars, hence relating these two kinds of CSW vertices. Since the derivation of the massive SWI makes use of the explicit solution of massive Dirac equation, it also depends on the reference momenta of the solution. However, at the level of the MHV lagrangian, one would not expect that a supersymmetric relation between vertices should depend on the on-shell solution of the Dirac equation. In the present paper, a kind of light-cone supersymmetric transformation at the lagrangian level is presented to relate these two kinds of vertices directly. It is based on the observation that after the gauge fixing and integrating out of the non-dynamical fields, there is some supersymmetry left in the lagrangian. Moreover, the complete canonical transformation for the MHV lagrangian for supersymmetric QCD (MHV-SQCD) can be obtained by using this supersymmetry transformation on the results already obtained for MHV-QCD in [29] . Besides the relation between massive CSW vertices for massive quarks and scalars, other relations among massive CSW vertices for MHV-SQCD can also be obtained in this way. As a result, most massive CSW vertices can be fixed using these relations and the results from MHV-QCD. Another kind of light-cone supersymmetry is used in [33] in discussing MHV lagrangian for N = 4 gauge theory.
The paper is organised as follows: In section 2, we explain the conventions and notation used in this paper, which is a little different from [29] . In section 3, we derive the light-cone lagrangian and provide the light-cone SUSY transformation. In section 4, we obtain all of the canonical transformation for MHV-SQCD using the light-cone SUSY transformation and the canonical transformation for MHV-QCD. In section 5, we derive the massive CSW vertices for MHV-SQCD. Section 6 contains the conclusions and discussion. Since we will use the canonical transformation and massive CSW vertices for MHV-QCD from [29] in our derivation, we summarise them in appendix B and D. In appendix A, we give the full light-cone lagrangian for SQCD. In appendix C we summarise our results for the canonical transformation for SQCD.
Preliminary

Light-cone co-ordinates
The light-cone co-ordinates are defined as:
We employ a compact notation writing (p 0 , p0, p z , pz) ≡ (p,p,p,p) and for momenta labelled by a number we write that number with decorations to denote the components of the momentum: (p n ,p n ,p n ,p n ) ≡ (ň,n,ñ,n). For componentp, we will omit the tilde in case it causes no confusion. In this notation, the Lorentz invariant reads
We also make extensive use of the bilinears:
Spinor conventions
We use the Weyl representation of the Dirac matrices:
The massless Weyl spinors are solutions of Dirac equation p µ σ µ ααχα = 0 and p µσ µ,αα χ α = 0:
where χ α = ε αβ χ α ,χα = εαβχβ and ε 12 = ε12 = −ε 1,2 = −ε12 = 1. The usual spinor bilinear products can be recast into our convention
SQCD Lagrangian and component fields
We will be working with the supersymmetric QCD Lagrangian with two chiral superfields: 
where
The gauge field strength is defined as 14) where the normalization of color matrix τ a is:
Before gauge fixing, the SUSY transformations for component fields are:
After integrating out the auxilary fields F and D we find the SQCD lagrangian in component fields:
We can combine the two Weyl spinors to be a Dirac spinor
and like in [29] , we denote the components of the spinor as 20) where the ± superscripts denote the physical helicity of the outgoing particles for massless theory andᾱ ± = (α ∓ ) * . For the gluino, we denote the components of Weyl spinor Λ and Λ as
We also denote φ 1 (φ * 1 ) asφ + (φ − ) and φ 2 (φ * 2 ) as φ + (φ − ). In this way, we will see later that the superscript ± of α,ᾱ will be the same as their superpartners'. As an abuse of the nomenclature we will also call ± superscripts of scalars as plus(minus)-chirality.
Fields in momentum space are defined as the Fourier transformation:
and we use numbered subscripts to denote the momenta labelled with numbers of the fields:
We also use a short-hand notation for the momentum integral product
(2.24)
Light-cone SQCD lagrangian and light-cone SUSY transformations
We start with SQCD lagrangian (2.18). As in [22] [23] [24] 29] , we quantise the theory on the constant x 0 surface Σ with a normal vector µ = (1, 0, 0, 1)/ √ 2 in Minkowski co-ordinates and choose the light-cone gaugeÂ = 0. Then we find out that the dynamical fields arē A, A,ᾱ ± , α ± , Λ,Λ,φ ± , φ ± , whilstǍ, T ,T , β ± ,β ± can be integrated out. After this, we can group the terms in the light-cone SQCD lagrangian according to their chirality configuration and their field content: 
Since we have fixed the light-cone gauge, the full SUSY transformation will not preserve the gauge, but there is a subgroup of the full SUSY transfromation which leaves the lightcone gauge invariant. Also, since only the dynamical fields are left in the light-cone SQCD lagrangian, the remaining supersymmetry can only involve these fields. If one restricts the SUSY transformation parameters η α andηα in (2.17) to be
one finds that this subgroup of the full SUSY transformation does indeed preserve the gauge condition and the space of dynamical fields. To be specific, these transformations for dynamical fields are
The auxiliary fields F , D and the nonlinear terms also automatically disappear in this transformation. We will call this SUSY transformation the light-cone SUSY transformation. Furthermore, we can group the dynamical fields into pairs:
in which each pair of the dynamical fields generate an invariant sub-space under this lightcone SUSY transformation. As a result, the terms in the light-cone SQCD can also be grouped into SUSY invariant pieces:
These are not the smallest pieces that are invariant under these transformations. For example, one can also separate the L
into two parts containing {φ ± , α + ,ᾱ − } and {φ ± , α − ,ᾱ + } respectively which are separately invariant under the light-cone SUSY transformations. However, if one term in one curly bracket of (3.11) appears as a whole, to be closed under these transformations one must add the other terms in this curly bracket.
Canonical transformations for the MHV-SQCD
From previous work [29] , we have already got the canonical transformations for α ± ,ᾱ ± , A andĀ for the MHV lagrangian of QCD. And now we also have the light-cone SUSY transformation (3.4)-(3.9). In this section, we will fix the canonical transformations for the SQCD using these two results.
The canonical field pairs before and after the canonical transformation for SQCD are (up to some irrelavent normalizations):
As in [22, 23, 29] , the canonical transformation should transform the massless non-MHV terms to kinetic terms:
The canonical transformation can be represented as a power expansion of the old fields in terms of the new fields. Like equations (3.4)-(3.9), we expect the SUSY transformation for the new fields to be linear, so that it is satisfied at each order of the expansion. Since to the leading order of the transformation expansion, the old fields are the same as the new fields, we make the natural assumption that the new fields actually satisfy the same light-cone SUSY transformations as the corresponding old fields:
3)
As further support for this assumption, we note that this implies that both the left hand side and the right hand side of (4.2) are then closed under the light-cone SUSY transformation.
Recall that the equation defining the canonical transformation equation for MHV-QCD is only part of equation (4.2):
Since each term on the left hand side of this equation is in the first four curly brackets separately in (3.11) and also each term on the right hand side is in the first two curly brackets separately, the minimal supersymmetric extension of this equation just gives us back the whole equation (4.2). Therefore, if we can find a canonical transformation that transforms correctly under the SUSY transformation and is also consistent with what we already have in MHV-QCD, we will have solved the canonical transformation equation (4.2). To be specific, we can separate the transformation expansion for fields {A,Ā, α ± ,ᾱ ± } into QCD pieces which involve only QCD fields {B,B, ξ ± ,ξ ± }, and new pieces which contain new supersymmetric fields {ϕ ± ,φ ± , Π,Π} as well as QCD fields: 10) in which either each expansion term in X New contains at least one field from {ϕ ± ,φ ± , Π,Π} or X New = 0. At the same time, one can see that the expansion of {Λ,Λ, φ ± ,φ ± } should not contain pieces which only have QCD fields:
where each term in X contains at least one field from {ϕ ± ,φ ± , Π,Π} as in X New . This is because all the new superpartners carry R charges, and R charge should be conserved by the canonical transformation. In other words,
cannot contribute to the QCD pieces containing only QCD fields in the canonical transformation equation (4.2). Therefore X QCD must separately satisfy (4.9), whilst the new pieces X New along with X must satisfy the canonical transformation equation with the pure QCD terms eliminated:
Here only terms containing the new pieces
are retained. So we would expect X QCD are just what we already have, which are listed in appendix B.
To obtain the MHV lagrangian for massless pieces, we demand that all the old plus chirality fields depend only on new plus chirality fields and all the old minus chirality fields should depend linearly on the new minus chirality fields. As in [23, 29] , first, we still demand that A is just a functional of B, i.e. in momentum space: 1
It is then easy to obtain the canonical transformation for Λ by using the light-cone SUSY transformation (3.9) and (4.8): Next, let us consider α − andφ − . The expansion of α − should at least contain one piece containing terms of the form B · · · Bξ − . The supersymmetric transformation of α − and ξ − involves only terms proportional to holomorphic η, but the supersymmetric transformation of B involves only anti-holomorphicη. To satisfy the SUSY transformation for α − , the expansion must have another piece to cancel theη terms after the SUSY transformation. But forφ − there is no such requirement because the SUSY transformation ofφ − involves onlyη like B. So for a minimal extension of MHV-QCD, the expansion ofφ − could contain only one piece:φ 15) and by using the SUSY transformation from φ − to α − , the expansion of α − can be obtained: . The discussion forᾱ − and φ − is the same. Forᾱ + ,φ + and α + , φ + , a similar discussion can be applied, but the roles of α and φ are exchanged, that is, the expansions for α + andᾱ + contain only one piece each and the expansions φ + andφ + have two pieces each. The detailed transformations are summarized in appendix C. Here we only summarize the field dependence: 17) and the inverse field dependence:
The transformations forΛ andĀ are the most complicated ones. From the transformation for MHV-QCD we can see that,Ā has at least two pieces: one piece involves only gauge fields B andB, and the other involves fermions and their 1/N C terms. We look at the term involving B andB i.e.Ā B first. From a similar holomorphic analysis of the SUSY transformation, one finds that the minimal extension is to make the corresponding gauge pieceΛ ΠB ofΛ contain a single piece involving B andΠ, andĀ contain an additional piece A BΠ involving B, Π,Π, in the following sense:
Next, let us look at the piece involving B · · · ξ +ξ− · · · B in the expansion ofĀ. There must be a corresponding piece inΛ which should be transformed into this piece under the SUSY transformation. The corresponding piece inΛ could contain terms proportional to B · · · Π · · · ξ +ξ− · · · B, B · · · ϕ +ξ− · · · B and B · · · ξ + ϕ − · · · B. From (4.18) and the requirement that this be a canonical transformation, we have:
Therefore this piece cannot depend on ϕ + andξ − , and the only terms left are proportional to B · · · ξ + ϕ − · · · B. This is also consistent with the SUSY transformation since the SUSY transformations of B, ϕ − and ξ + involve onlyη which is the same forΛ. By the same reasoning, one can obtain the corresponding pieces inΛ for the other pieces inĀ. In this way we demonstrate thatΛ must be given by equations (C.9)-(C.11). Now, using SUSY transformation onΛ one determines the canonical transformation forĀ as given in the equations (C.12)-(C.16). Finally, by a straightforward computation, one confirms that the expansion forĀ transforms back to the expansion forΛ under the SUSY transformations.
We have now determined the canonical transformations for all of the fields in terms of coefficients which we have tacitly assumed are the same as the ones in the transformation to MHV-QCD. This assumption is correct, since the QCD pieces of {A,Ā, α ± ,ᾱ ± } must be just the same as the transformation for MHV-QCD. It follows that the canonical transformations for new fields does not introduce new unknown coefficients, as one might expect from supersymmetry.
The massive CSW vertices for SQCD
With the canonical transformations at hand, we are ready to look at the new CSW vertices for SQCD. As proved in [22, 29] , the massless part of the CSW vertices are the same as the MHV amplitude continued off shell up to some external polarizations. These MHV vertices can be constructed from the MHV amplitudes obtained using normal massless SUSY Ward Identities (SWI), so we will not discuss them here. The new vertices are the massive CSW vertices from mass terms in the light-cone SQCD.
The new massive CSW vertices for SQCD could be calculated by substituting the canonical transformations into the light-cone SQCD lagrangian. But we can try to fix them from the light-cone SUSY transformation. First let us look at
Upon substitution of the canonical transformation, we see that this piece should be composed of six kinds of field configurations:
Note that there are noφ + B · · · Π · · · Bξ − andξ − B · · · Π · · · Bϕ + terms. This is a consequence of the simple field dependence of α + ,ᾱ + , φ − , andφ − in (4.17). It also conforms to a rule that one can extract from the light-cone SQCD lagrangian in appendix A, namely that in the terms involving one scalar and one gluino, the chiralities of the scalar and gluino are always opposite. The first, third and fifth pieces should be closed under SUSY transformations. Using the SUSY transformations (4.3)-(4.8) one then easily finds that these three vertices must be related as:
Since only the QCD pieces in α ± andᾱ ± can contribute to terms proportional toξ We can separate it into three parts which are invariant under the supersymmetry: m,ξΠϕϕξ also do not depend on l, so the dependence of l in corresponding terms appears only in (−1) δ ls , i.e. when the positions of plus-helicity gluinos change, the vertices at most change sign, in accordance with Fermi statistics. Just like in the previous case, this can be understood as a result of the supersymmetry: for example, the coefficient of the termξ There are four kinds of vertices with different field configurations in the lagrangian after applying the canonical transformations: From these relations, we cannot fix these vertices uniquely, but the above relations may simplify their determination. Indeed, we only need to calculate two of these vertices to obtain the others. Since we already have
for MHV-QCD, actually we only need to calculate one vertex. The results are:
It is easy to check that these equations satisfy (5.14)-(5.19). These relations in fact can also be understood using the massive SWI at the amplitude level [31] .
Conclusion and discussion
In this paper, we have seen that the whole canonical transformation for the MHV-SQCD lagrangian can be obtained simply by applying a kind of light-cone supersymmetry transformation on the canonical transformation for MHV-QCD lagrangian. Unlike SWI, this SUSY transformation relates the dynamical fields of light-cone SQCD directly at the lagrangian level, not the annihilation operators of outgoing states at the amplitude level. As a result, it is more widely applicable, as we saw for example by using it to uniquely determine the canonical transformation for MHV-SQCD. Some relations among massive CSW vertices can be understood using this supersymmetric transformation. Using these relations and the canonical transformation, all the massive CSW vertices are obtained. But since this SUSY transformation is a subgroup of the whole supersymmetry transformation, it is not as flexible as SWI in changing the transformation parameters. We see this in the massive vertex relations (5.20)-(5.22), which can be obtained from SWI at the amplitude level, but can not all be obtained just by using this SUSY transformation. Though in this paper, the canonical transformation is derived for MHV-SQCD with one flavour, clearly its application is more general. More flavours can be added without difficulty. Since the pieces having different field content in the canonical transformation equation (4.2) cancel separately from the left and right hand side of the equation, parts of the transformation can be directly used in theories which can be embedded in SQCD. A typical example is MHV-QCD. After turning off Λ and φ 1,2 by setting them to zero, we can obtain the canonical transformation for MHV-QCD and the corresponding massive CSW vertices are not changed. For theories involving only a gauge field and scalars, we can set Λ and quark fields to be zero in the canonical transformation, and the corresponding parts of the massive CSW vertices can be used directly in this theory as in [27, 28] . This provides a direct explanation of the similarity between the massive CSW scalar vertices in [27, 28] and the massive CSW fermion vertices in [29] . Moreover, changing the masses for scalars and fermions does not modify the canonical transformation but the CSW vertices could be modified. It is also possible to extend it to a supersymmetric theory incorporating standard model such as the MSSM.
These CSW vertices of course can be used in simplifying calculations of SQCD amplitudes involving massive quarks and scalars. An interesting observation is that for terms involving a plus-helicity gluino and containing only one minus-chirality particle, the massive vertices do not depend on the position of the plus-helicity gluino in the color matrix product except for a possible sign change according to fermion statistics. This is a consequence of supersymmetry. This property may be useful in the amplitude calculations in SQCD.
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A. Light-cone lagrangian for SQCD
B. Summary of the canonical transformation for MHV-QCD
Define:
for n ≥ 2 , All the coefficients can be expressed as
C. Summary of the canonical transformation for MHV-SQCD 
